A new proof, yielding new conditions, is given for the two-weighted norm Hardy inequality. The theorem is extended to operators with kernels behaving much like the Riemann-Liouville fractional integrals of nonnegative order.
WEIGHTED NORM INEQUALITIES FOR OPERATORS OF HARDY TYPE
A new proof, yielding new conditions, is given for the two-weighted norm Hardy inequality. The theorem is extended to operators with kernels behaving much like the Riemann-Liouville fractional integrals of nonnegative order.
I. Hardy's inequality
In this paper we present a new and easily proven criterion for the Hardy operator If(x)= T f(y)dy, x>0 Using a more complicated version of the proof for I, we are able to obtain, in §11, similar criteria for weighted norm inequalities to hold for, among other operators, those of Riemann-Liouville, 7Q/(*) = / (x -yff(y)dy, x and a > 0. Jo These criteria are related to other, recently obtained, characterizations for Ia in §111.
The following special case of the result for I gives the essentials of our approach. The method of proof is similar to the classical proof of Hardy 
II. Riemann-Liouville operators
It will be convenient to prove our result for kernels somewhat more general than those of Riemann-Liouville. We consider kernels <p(x, y) on R+ x E+ with the following properties:
(i) <p(x,y) > 0 ifx > v; (2.1) (ii) <p(x, y) is nondecreasing in x and nonincreasing in y;
Given r > 0, we set and TJ(x)= [X<p(x,y)rf(y)dy Jo roo T*rg{x)= j <p(y,x)rg(y)dy.
J X
We will write T for Tx and / for T0 We can now state our principal result.
Theorem 2.1. Fix 1 < p < q < oo. Let u and v be nonnegative, measurable functions on (0, oo) with 0 < u, v < oo a.e. Then,
a.e. on (0, oo).
To prove this, we want an analog of the elementary identity (1.3) used in the proof of Theorem 1.1. This is given in the following lemma. Lemma 2.2. Fix 1 < p < oo. Then for all f and u>0 with f(uTf)p < oo, roo roo roo
Jo Jo Jo Observe that when T is the Hardy operator /, so is each Tr, and both terms on the right side of (2.5) are equal to p~ times the right side of (1.3).
Proof of the lemma. Given / not identically zero, there is a greatest x0 > 0 with / = 0 a.e. on Using the estimates (2.9) and (2.8) yields, after some simplification, (2.5), but as an inequality, rather than an equivalence.
Next, suppose 1 < p < 2. For x > x0 , Letting s -> 0+ gives (3.4).
